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ABSTRACT. Let u be an a-dimensional probability measure. We prove new upper
and lower bounds on the decay rate of hyperbolic averages of the Fourier transform
fi. More precisely, if H is a truncated hyperbolic paraboloid in R we study the
optimal § for which

/H (RO do(€) < Cla )R

for all R > 1. Our estimates for S depend on the minimum between the number
of positive and negative principal curvatures of H; if this number is as large as
possible our estimates are sharp in all dimensions.

1. INTRODUCTION

' Let M be the space of non-negative finite Borel measures supported in B(0,1) C
RY. For a € (0,d), the a-dimensional energy of y € M, is defined via

- o2
L) = / / du(@)duly) _ . HZ%EL de,

|z — y|*

where Ji is the Fourier transform of the measure u:

ae) = / &€ dpu(z).

We are interested in the decay of (£) at infinity for measures p with finite
energy. Although I,(n) < oo does not imply any pointwise decay of |z(§)| as
|€] — oo, in general, the averages of 1i(§) decay at infinity. Let I" be a smooth,
compact submanifold of R?. Let o be the surface measure on I'. The following can
be considered as a variant of the Fourier restriction problem:

Fix a € (0,d). For which § > 0 is

(1) / A(RE) 2 do(€) < CsRPLa(1),

for all R > 17 Let B(«,T') denote the supremum of all 5 so that (1) holds for all
we M,.

This question was first formulated by Mattila for I' = S9!, [Mal], in his work
on Falconer’s distance set problem, [Fa], and intersection theory of general sets.
When I' = S9!, the bound (1) with 8 = d — « implies that compact sets in R?
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with Hausdorff dimension greater than « have positive measure distance sets, [Mal].
There are also more recent, improved, applications to the distance set problem, see
[GIOW], and to the pinned distance set problem, see [Lil, Li2]. See [HI, IL] for
applications of averages on elliptic surfaces to the distance set problem with respect
to more general metrics. There are further applications to the upper bounds on the
dimension of the sets on which convergence to the initial data for the Schrédinger
equation fails, [BBCR, LR], and to dispersive estimates for the linear Schrodinger
evolution associated to an operator —A + p in R¢, d > 3, where the potential y is a
signed measure with sufficiently large fractal dimension, [Go, EGG]. Recall that the
free Schrodinger resolvent Rg(A2+i0), A > 0, acts by multiplying Fourier transforms
pointwise by the distribution

1 T

p.v.|§|2 SV iz)\

on the Fourier side. Therefore, the spherical averages lead to a uniform in A\ estimate

for ||(1 + R(J{()\z)u)_lHLﬁﬁLﬁ, see [EGG], which is crucial in the study of dispersive
decay estimates.

When I' = S!, the sharp range of 3 was obtained by Wolff in [Wol], also see
[Mal, Sjl, Erl]. The best known results in higher dimensions are due to Du and
Zhang, [DZ]. For other partial results and counterexamples for I' = S4=1 or a
codimension 1 manifold with positive principal curvatures, see [Mal, Sj1, Bo, Wol,
Ma2, Erl, Er2, BBCRV, LR, DGOWWZ, DZ, Du]. Also see [EO, CHL2, HL] for
results when I is a curve.

The case when I is the truncated light cone, I' = {(z,t) € R¥xR : |z| = t € [1,2]},
was studied in [Wo2, Erl, CHL1, Ob, Hal, Ha2]. Optimal results are known in
dimensions d = 2, 3, see [Erl, CHL1]. Also see, [Ha3, Eq. 3.27] for the best known
estimates in dimensions d > 4. These estimates imply fractal Strichartz inequalities
for the wave equation, see [Wo2| (p.1283-1287) and [Erl, CHL1, Ro, Hal, Ha2]. The
conic case is also useful for projection theorems. For example, using conic averages
Oberlin and Oberlin, [OO], studied a version of Marstrand’s projection theorem
in R? concerning the Hausdorff dimension of projections onto a restricted family
of planes defined by a curve in the cone. This application was further developed
in [Ha3]. Another interesting application of the conic case was proposed in [Rol;
the fractal Strichartz inequalities for measures which are the tensor product of an
o dimensional measure in R? and the Lebesgue measure in [0, 1] also imply lower
bounds for the Hausdorff dimension of distance sets.

In this paper we study the case when I" is an hyperboloid. Let M be a diagonal
(d—1) x (d—1) matrix with all nonzero entries equal to £1 (with at least two entries
having opposite sign) and let H be the surface

H={(¢,(ME€) €€ B0}

Let pps denote the number of positive entries in M and njp; the number of negative
entries in M, and let

dO’)\sui—l.

m = min(par, nar).
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The ordering of signs is unimportant, so assume without loss of generality that along
the diagonal M has (d — 1 — m) positive signs followed by m negative signs, and
write HE-1 = H. Also let o be the associated surface measure. Below we prove the
following.

Theorem 1. Letd > 3. If d—m—1<a <d—m then
a—m

d—1
(2) B(a, HE )ga—d_zm.

On the other hand we have,

Bla, HEY) >

a(d—2)
=1 a€0,d-1),

and form >1 and j € [1,m — 1],

(dd j=1) ac (J’—l)(ﬂi—j) J(d—j)
d—1 —-j m—1  m
Pt )20 - ami e [ st
—j—m> m m—
Ifm < 951 then
d 1 d—1 d
) flat,)25+7-3 ae(z "D )
Additionally, for any m and d,
Bla, HEY) = a < %
(@) sam 2 s as
d+1
Bla, HEY) > o — 1, %S a<d-—m

ﬁ(a,Hﬁfl) a—1, a>d—m,
(note that we always have m < 4L, and therefore d —m > 441 ).

This shows that the case a > d — m is completely understood. We also have the
following corollary.

Corollary 1.1. Ifd > 3 is odd and m = %51, then
o ifae (0,97)

BlaH ) =4 %5t ifae [ 4]

-1 ifac (%, ]

Q

If d > 4 is even (mdm:%fl, then

« zfoze(O,%)
d-1 d—1"d
Bla,HE ) =<8 2 4 e [dZd’ d
§+i—3 aclgg+1]
a—1 ifae(§+1,d].
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In particular note the decay rate is completely determined in the case d = 4 (since
we must have m = 1). When d is odd this corollary follows from the fact that
d—gl =d —m — 1 precisely when m = 95L. Note also that in this case d — m = %.
When d is even the corollary follows from (2), (3) and (4). The second equality also
holds when d = 2, but this reduces to Wolff’s theorem for the parabolic or circular
averages.

As in the elliptic case there is an equivalent formulation of our main problem in
terms of weighted restriction estimates for the extension operator E f associated to
H?=1. In particular if pg is an a-dimensional measure supported in B4(0, R) then

to prove Theorem 1 it suffices to study optimal s(«) for which

IEfN L2(up)
| £l 22

We discuss how to make this dependence precise below in Section 2.2. After dis-
cretizing the measure we can reduce matters to studying estimates of the form

() 1Efll2x) S RN

where X is an a-dimensional union of lattice unit cubes contained in B¢(0, R) (see
the beginning of Section 4 for the precise definition). These estimates can be studied
using recent techniques established by Du and Zhang in [DZ] to study weighted
estimates for paraboloids. However new ideas are needed to prove the full range of
bounds in Theorem 1 since a direct application of the Du-Zhang argument to H%!
yields sub-optimal results in a range of cases. We briefly give an example that helps
explain why this is the case.

An argument due to Rogers, Vargas, and Vega [RVV] implies that there is a
(d — 1)-dimensional measure vz and a function f € L? supported in the unit ball
such that

SR, supp(f) € BYH(0,2).

1
IEfllz2(ur) 2 B2l 2
Since one always has

1
1Efll2wg) S B2 fll 22
1

this immediately implies that the optimal s(a) in (5) is s(o) = 5 when a > d — 1.
We will show below in Section 4 that in fact the optimal value is s(a) = & for all
a > d—m. Our example is similar to the example found in [RVV]. This contrasts
the case of the paraboloid where the case &« = d — 1 is much more difficult and was
only recently understood in the case d = 3 by Du, Guth, and Li, [DGL], and in
general dimensions by Du and Zhang, [DZ]. Moreover, if m > 1 we see that we have
a large ‘trivial’ range where o € [d — m,d], and thus we need to focus on the case
of smaller o with o < d — m. A direct application of the Du-Zhang method does
not give optimal results in this range for any «, and so we need to augment their
approach with some new ideas adapted to the geometry of Hf,;l.

After discussing some counterexamples in Section 4 we explain in Section 5 how
to modify the Du-Zhang method to obtain better bounds on S(«, H%‘l) when a <
d —m and m > 1. The general scheme of the argument is the same as in [DZ],

although we need to optimize between different levels in the ‘broad’ and ‘narrow’
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cases depending on « and m. In order to make this argument work we need to
use k-narrow decoupling estimates for H%~! which follow from arguments due to
Bourgain and Demeter in [BD2]. These are discussed below in Section 3.

However, this is not sufficient to prove the lower bounds claimed in (3) in Theorem
1 (and in particular not sufficient to obtain optimal bounds in the range o € [2,3)
when d = 4). These bounds require a bilinear argument that invokes weighted
versions of bilinear estimates for H% ' due to Lee, [Le], and Vargas, [Va]. The
weighted estimates are then used in a broad-narrow argument similar to [DZ], though
to justify their use we need to incorporate some observations from [Ba] about the
estimates of Lee and Vargas. We carry out this argument and prove (3) in Section
6. We remark that the cases considered in Section 6 do not require any decoupling
estimates beyond the trivial L*° decoupling which is a consequence of Cauchy-
Schwarz.

2. PRELIMINARIES

We summarize and prove some important results which we will use throughout
the rest of the paper. First note that («,I") is nondecreasing and continuous (see,
e.g., Lemma 3.1 in [Wol]) in a. In addition B(«,I") < « since, using the invariance
of B(«,T") under dilations and rotations, one can bound the energy integral.

In addition it will be more convenient for us to work with the following equivalent
formulation of (1). We let 8(«a,I') be the supremum over all § such that

/F ARE) do(€) <p calp) R

for all Borel probability measures u supported in B4(0,1), where

u(B(z,r))
ca(p) == T
r>0¢ERd

We note that for all « € (0,d), f(a,T') = B(c,T"). One direction follows from the
inequality I, (1) < cay(pt) for ag > oy and the continuity of S(a, ') in a. For the
other direction, one can use Lemma 1.5 in [Wol].

2.1. Elementary Positive Results. We recall the following theorem.
Theorem 2 ([Sj2],[Er1]). Let v be a probability measure on R with compact support
such that
OIS and v(B(x,r)) Sr¥, zeR?
for a,b € (0,d). Then for any pu € M,

/\ﬁ(Ri)PdV(é) < I (p) R~ max(min(a,a),a—d+b) |

In our setting we may take v to be the surface measure of Hg;l, so that a = %

and b = d — 1 above. This implies the lower bounds in (4).
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2.2. Equivalence Between Decay and Localized Restriction Estimates.
Let Ef denote the Fourier extension operator associated to H%!. As in [Er2],
[DGOWWZ], [DZ] we will see that it will suffice to consider certain weighted L?
estimates for Ef.

Fix o € (0,d] and R > 1. Let p be an a-dimensional measure supported in the
unit ball as above, and let ug be the measure on BY(0, R) defined by up(A) =
Ru(R™1A). Note that

ca(pr) < calp)
with the implicit constant independent of R. We let s4(«) be the infinum over all s
such that

1. _
IEfNlL2(dun;Br(o,R)) S calpr)2 RP| fll L2, supp(f) C B471(0,2)

for all a-dimensional probability measures u supported in Bd(O, 1). We will repeat-
edly use the following relationship between B(a, H%!) and s4(a).

Proposition 2.1. One has

o — B(aa Hfrinil)
5 .
A proof of this proposition is in the Appendix below.

sa(a) =

2.3. Wave Packet Decomposition. Fix a scale R > 1 and suppose 6 is a ball of

radius B2 in frequency space. We let G(6) denote the unit normal to H above the

center of #. In particular, if £ € R%! is the center of # then we have
1
GO) = 75— 2517 s 72£d* -1 _2§d7 Yoy _2£d717 —1).
Note that the angle between G(01) and G(63) is proportional to the distance between
the centers of #; and 65. Below we will also let Gy be the function

GO(S) = (2517 o 72£d—m—17 _2§d—m7 ey _25(1—17 _]-)

We recall the scale R? wave packet decomposition for Ef. We let {6} be a
collection of finitely-overlapping balls of radius R™> covering the support of f, and

let {v} be a collection of finitely-overlapping balls of radius R> covering Bg_l (0, R).
Then using a partition of unity we decompose

f = Z f@,z/
0,v

where fp, is supported in a small neighborhood of the R™2-ball 0, and where fg\,,,
rapidly decays outside the R3-ball v. Then
Ef =Y Efpy

0,v

and each wave packet Efy, is essentially supported in a R+ x ... x RaH x RIH0
tube Ty, in R? passing through v with long direction G(6). Here § > 0 is a small



FOURIER DECAY OF FRACTAL MEASURES ON HYPERBOLOIDS 7

parameter which will be harmless to our estimates, and hence we suppress its role
below (we can for example take § = ¢'%) where € is fixed below). For more on this
wave packet decomposition see for example [Le], [Gul].

3. NARROW DECOUPLING

Fix a scale K > 1 and decompose the support of the input function f as a
union of finitely-overlapping caps 7 of radius K~!. Then use a partition of unity to
decompose f =Y _frand Ef =) _Ef..

We recall the following decoupling result for surfaces with non-zero Gaussian
curvature proved by Bourgain and Demeter.

Proposition 3.1 ([BD2]). Let M be a smooth, compact manifold with Gaussian
curvature bounded away from 0 and let m denote the minimum between the number
of positive and negative principal curvatures of M. Let Exqf denote the Fourier
extension operator associated to M. Let Q be a K?-cube and suppose Expf =

> Esmfr, where the T are K~ '-caps. Also suppose 2 < p < %. Then for
any n > 0 one has

m(l_1 2
Bsifliri@) S0 K53 IBstf oy

1 1
If p > % then the above estimate holds with the loss K™ 27 v) replaced by
d—1 d+1

K2 ».

If f is supported near a lower-dimensional space we can take advantage of the
following ‘narrow decoupling’ result for Hg;l, which will be useful for proving lower
bounds for B(a, HE ). Given a K ~'-cap 7, let w, denote the center of 7. Given a
subspace V of R? we will write 7 € V to signify that

Angle(G(w,),V) < K1
We say that Ef is concentrated along a K ! neighborhood of V if
> Efr = RapDec(R)|f] 1z,
gV
where RapDec(R) is a term such that for any N > 1
|RapDec(R)| < CyR™V.

Proposition 3.2 ([BD2]). Let Q be a K?-cube and suppose Ef =Y. _FEf. is con-
centrated along an O(K ™) neighborhood of a k-dimensional vector space V in RY

with k > m + 1. Also suppose 2 < p < % Then for any n > 0 one has

m(i_1 2
©) B S0 K™D (L IEL e
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2(k—m~+1)

Notice that p,x = =5

is decreasing in k, hence the range of LP exponents

where the loss scales as K my=y) increases when k is smaller. We will see below
that this leads to improved lower bounds for ﬁ(a,H%_l) in the interesting range
a < d—m. We also remark that Proposition 3.2 is indeed an improvement over
Proposition 3.1 when applicable. For example, in the case d = 4,m = 1,k = 3 one
can use Proposition 3.2 decouple at p = 6 with a loss of K 3. However if one instead
uses Proposition 3.1 in this case with p = 6 the loss is K.

The proof of Proposition 3.2 is implicit in the argument given in Section 3 of
[BD2] (in particular in Proposition 3.2 of [BD2]). It is also similar to other ‘narrow
decoupling’ arguments (see for example Lemma 9.3 in [Gul] or Section 2 in [Ha2]),
although some new issues arise related to the presence of affine subsets of H% ! and
also the action of the Gauss map associated to H!. We include most of the details
for the convenience of the reader, since it is worth illustrating how H%-! differs from
the case of the (elliptic) paraboloid or cone.

The main idea is the following: even though the intersection of H% ! with a k-
plane may have zero Gaussian curvature, there are limits to the loss of curvature in
terms of the parameter m. Indeed, the surface an_l can contain affine subsets, but
only of dimension less than or equal to m. The key quantitative tool is the following
lemma.

Let Vp be a (k — 1)-dimensional subspace of R~ and let W = 1 x R. We set

Hy =H& 1 nw.

It is straightforward to check that one can parametrize Hyy with a quadratic form
and hence the principal curvatures are constant along the surface. Let V the k-
dimensional subspace such that Gp(w) € V' if and only if w € Vj.

Lemma 3.3. Let I, = (—1+ K1 — K=%). Let m(Hw) denote the minimum
between the number of positive and negative principal curvatures of Hyy which are
outside the interval Iy, and let r(Hy ) denote the number of principal curvatures
which are in Ixy. Then

m(Hw) + T'(Hw) <m

Proof. The proof is the same as an argument given in the proof of Proposition 3.2
in [BD2]. We apply a rotation to R?~! to assume that we can write

Vo = span{ey, ..., ex_1}

where e; are the standard basis vectors in R%. This changes the defining matrix M
for HZ~! but of course does not change any geometric properties of the surface (and
in particular the eigenvalues of the new M are still £1).

Then there is a symmetric (kK — 1) x (k — 1) matrix such that

Hy = {(w, (Aw,w)) : w € Vi },
and moreover

(7) (w, Aw) = (w, Mw), weW
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We can find an orthonormal basis of (d — 1) eigenvectors 7’ for M in R¢~!, and an
orthonormal basis of k — 1 eigenvectors v® for A in V. Their eigenvalues are the
respective principal curvatures. After relabeling we assume the eigenvectors v* are
ordered based on their eigenvalues being positive and outside I, then negative
and outside If, and then finally those in I (which for all purposes we treat
as if they were 0). We also assume the eigenvectors 1’ are ordered based on their
eigenvalues being positive then negative.

Let p(H% 1) and n(H?1) denote the number of positive and negative eigenvalues
of M, respectively. Then m = min(p(H% 1), n(H% 1)), Define eigenspaces

X, =span{n’:1<i< p(an_l)}, X_ = span{n’ :p(Hgn_l) +1<i<d-1}
and
XKV = span{v’: 1 <i < p(Hy)}, X" =span{v’: p(Hy)+1 <i < p(Hw)+n(Hw)},

XY =span{v’ : p(Hw) +n(Hw) +1<i<k—1}
We claim that

(8) n(Hy) +r(Hw) < n(HS )
and
(9) p(Hw) + r(Hyw) < p(HE 1)

These follow by dimension counting. For example, suppose (8) is false. Then (X" @
X)) N X must contain a unit vector u. Indeed note that dim Xy = p(H%!) and
the dimension of XV @ XV is n(Hy ) + r(Hw ). Then if (8) fails we have

dim(XW" @ XV) > n(HL D),

and the claim then follows since p(H% 1) +n(H% 1) = d—1. Since (XY @ X}V )Nn X,
contains a unit vector u it follows by definition that

(Au,u) <1—K7°

and also
(Mu,u) = 1.

But (Au,u) = (Mu,u) since u € Vp, contradiction. The proof of (9) is similar.
Now suppose that m(Hy ) 4+ r(Hw ) > m. Then

p(Hw) + r(Hw) > m, n(Hw) + r(Hw) >m
and from (8) and (9) we then obtain
n(HEY) > m,  pHET) > m.
This contradicts the definition of m and so the result follows. O

The following lemma allows us to use lower-dimensional cases of Proposition 3.1
for intersections that have enough curvature.
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Lemma 3.4. Fiz | with 2 <1 <d. Let V be an l-dimensional subspace of R?, and
suppose F' =" _F, is such that each F. has support in a K2 neighbourhood of T,
such that the normal to T is contained in a K ~'-neighbourhood of V.

Let W =Gy (V) xR. If
HEPNW =HE L NG L(V)
is a smooth (I —1)-dimensional surface with nonvanishing Gaussian curvature, then
mv (supp ) € Neg—a(my (HE L NG (V))),

and 7y (HEE N G=Y(V)) is a smooth (I — 1)-dimensional surface in V with nonva-
nishing Gaussian curvature. Moreover, the sets

Neg—2(my (supp ﬁ))

are essentially disjoint. All implicit constants depend only on the lower bound for
the magnitude of the Gaussian curvature of H ' N G=H(V).

Proof. Let Wy be the unique [-dimensional subspace of R? parallel to W. It will
first be shown that my, : V' — Wj is bi-Lipschitz. The composition my, o G is
nonvanishing since eq € W, and so

TW, © G
GW = 2 )
’ ‘T[-WO © G‘
where Gy, : HI=1 N G=1(V) — S9=1 N W, is the Gauss map on H ! N G=H(V).
This will be used to show that
(10) |, (0)] ~ Jul,
for every v € V. Suppose for a contradiction that (10) fails. Then by compactness
there exists v € V' N S9! such that

[T, (0)] = 0.
Then 7y, maps V into a subspace £ C Wy of dimension < [, and so the image of
Gw, : HI1NG=YH(V) — S9=1 N W) is contained in S~ N E, which has dimension
< 1 — 1. But Gy, is locally bi-Lipschitz since H%! N G~1(V) has nonvanishing
Gaussian curvature, so this is a contradiction.

This shows that myy, : V' — W) is bi-Lipschitz, and this implies that 7y : Wy — V
is bi-Lipschitz, since

fwf? = (v (w), (mwo )™ () S v ()],

for any w € Wy. Therefore myy : W — V is bi-Lipschitz, and by compactness the
bi-Lipschitz constant depends only on the lower bound of the Gaussian curvature of
HI=1NG~1(V). This implies that 7y (H% NG~ (V)) is a smooth (I—1)-dimensional
surface in V' with nonvanishing Gaussian curvature, and the sets

Neg-2(my (supp Fr))

are essentially disjoint.
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For each cap 7, there exists a point x € Cor with G(x) € V, since G is locally
bi-Lipschitz, where C5 is a large constant. The tangent plane at x satisfies

yry (HE W) =y (T,(HE N W)
= v (T (H ).

TrV(:v

The second line follows from the fact that 7y (T, (H% 1)) is only (I — 1)-dimensional
(since G(z) € V), and contains 7y (T, (H%~1 NW)) which is also (I — 1)-dimensional.
Let T/(H% 1) = 2 + T, (HE ). Then

% (Suppﬁ> C my (Ng—2(7)

- NK72 v )

C Ny k-2 (ny (TLHE 0 Bz, C1K7Y)))
(mv (

TyHG ") N By (v (x), C1K ™)

T

T

%

= NclK—Q(T;V(z)WV(Hgfl NW)N By (ry(z), CiK™1))

C Neg—2(mv (Hey ' n W)
= Nox—=(mv (Hy, ' 0 GTH(V))).
This finishes the proof. 0

Remark 3.1. Tt is possible that the intersection H%~! N W has Gaussian curvature
near 0, in which case the conclusion of Lemma 3.4 can fail. For example?, suppose
for simplicity we are in the case d = 3 and after applying a rotation assume the phase
is of the form &3 = &1&. Suppose the normals are contained in a K ~!-neighborhood
of the vector space

V={ecR: & =0}
Then if

Vo={6€R’: & =0}
it follows that the input function is supported in an O( ~1)-neighborhood of Vj.
In this case the projection to V of the support of E f may not be contained in an
O(K~2)-neighborhood of 7y (Hy) (where as before W = V4 x R). For example,
if f ~ 1 near the region where |£;| ~ 1 then the projection of the support of Ef
is spread out in the interval where |¢3] < K~!. Note however that in this case
the intersection Hyy has zero Gaussian curvature and the projection 7y is not bi-
Lipschitz.

If the intersection Hyy has Gaussian curvature bounded above by some K~ then

similar arguments show that the conclusion of Lemma 3.4 can fail. However Lemma

3.3 will allow us to choose our slices so that the intersection has principal curvatures
near 1 in absolute value, avoiding this issue.

2 We thank Jonathan Hickman and Marina Tliopoulou for bringing our attention to this example.
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Remark 3.2. The dependence of the Lipschitz constant on the curvature in Lemma
3.4 can be made more quantitative. Assume W is a subspace (which we can in
application) and let A be the symmetric (k — 1) x (k — 1) matrix such that (in
appropriate coordinates)

(Aw,w) = (Mw,w), we W NRL

Now let {w1, ..., wg_1} be an orthonormal basis of WNRY~! consisting of eigenvectors
for A. Then {Mwy, ..., Mwy_1,eq} is an orthonormal basis for V since

Mw; —eq = Go(wi) eV
Since {Aw,w) = (Mw,w) when w € W NR4~! we must have
(M (wi — wj), w; —wy) = (A(wi — wy), wi — wy)
and hence (Mw;, w;) = (Aw;, w;). Now if v =) . v;Mw; + vgeq € V then

mw (v) = Z (2 vilMuws,wy)w; + vaeq
= Z Zvl Awl,w]>)w3 + vgeq

= Z Ajvj)w; + vgeq
J
where the \; are the eigenvalues. Since the eigenvalues are bounded in absolute
value by 1 it follows that

|mw (v Z)\ 2 o2 > 1nf]/\j\)2\v]2.

Therefore
|mw (v)| > (irjlf R

where the \; are the principal curvatures of Hy in W. As a consequence the
bi-Lipschitz constant of my, : W — V is also bounded away from 0, and in particular

v (w)| > (i?f‘)\jmw‘: we W.

Finally we recall the following ‘trivial’ decoupling result which allows us to elim-
inate directions with small curvature.

Proposition 3.5 (Flat Decoupling). Suppose T is a collection of finitely-overlapping
balls T of radius K~ in B4=1(0,2). Then for any cube Q of side-length K? one has

IS Efllisig) < CHETE 5 (S 1B )

TET TET
where wq is a smooth weight adapted to Q.

Proof. The case p = oo is just the Cauchy-Schwarz inequality, and when p = 2
the proposition follows from Plancherel’s theorem. The remaining cases follow by
interpolation. U
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Proof of Proposition 3.2. Fix a k-dimensional plane V as above and let W be the
k-plane W = Vy x R, where Vy = G Y(V). Using affine invariance assume that
Vo is a subspace. We choose orthonormal coordinates (y/,y”) with 3’ parallel to
V. Let F(y') denote the restriction of Ef - wp, ,(y',y") with y” fixed. We let
Hy = He ' N W and define m(Hy) and r(Hyy) as in the statement of Lemma 3.3.
We identify W with R¥. As above we can parameterize Hyy as the graph of a
possibly degenerate quadratic form whose defining matrix A is symmetric. We may
find an orthonormal basis of R* consisting of eigenvectors for A, and the respective
eigenvalues \; are the principal curvatures of Hy. We let r(Hy ) denote the num-
ber of these eigenvalues in the interval I 2. We perform a flat decoupling in the
directions of the eigenvectors with eigenvalues inside I o, contributing a loss of

ForHW)(G-1)

We claim that by Lemma 3.3 the resulting slices are O(K ~!)-neighborhoods of
(k — r(Hw))-planes W, such that W, N H%! := Hy, is a surface of dimension
k—r(Hy ) —1 with principal curvatures bounded below in absolute value by 1— K ~2.

More precisely, after applying a rotation we can assume that the standard basis
vectors ey, ...ex_1 are eigenvectors for A and moreover by Lemma 3.3 that

s Ay ) nEw) } C Tk

In these coordinates we let W, o be the subspace
Wh() = {w eVy: Wp(Hy ) +n(Hy)+1 = - = Wg—1 = 0}

and let {W,.} be the family of K ~!-separated planes in R?~! obtained by translating
W0 x R in axis-parallel directions. Then after applying a flat decoupling in each of

the r(Hy) directions €p(Hyy )+n(Hy)+1s -+ €k—1 We can assume that F' is supported
in a K~ !-neighborhood of one of the W,. Since F is supported in B1(0,2) this

contributes a loss of K r(Hw)(3=3) to our main estimate, as claimed above. Moreover,
Hyy, is parametrized by a quadratic form whose defining matrix has each of its
k — r(Hw) — 1 eigenvalues outside of Ix . Hence Hyy, is a smooth surface of
dimension k — r(Hy ) — 1 and the claimed lower bounds on the principal curvatures
follow.

Now let Fyy, denote the Fourier restriction of F' to a K ~Lneighborhood of W,..
Let V,. be the subspace of dimension k — r(Hy ) spanned by vectors in G(W,). By
Lemma 3.4 we therefore know that if we restrict Fyy, to a plane V; parallel to V;
then the Fourier transform of (Fw,)|v; is supported in an O(K~?) neighborhood
of the projection of Hy, to V.. Moreover one checks using an argument similar
to Remark 3.2 that the signs of the curvatures of the surface are preserved by the
projection. Then by Proposition 3.1 we can decouple the support of F | Nyeo1(Wy)

into K~ caps with a loss of

€, KOG )4
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as long as

9<p< 2((k —r(Hw)) — m(Hw) + 1)
(k —r(Hw)) —m(Hw) — 1
We can stitch together these steps in the usual way using Fubini’s theorem and
Minkowski’s inequality to obtain

1

m T 11 2
(11) ||Ef||LP(Q) <, FoImHw)+r(Hw)l(5 ,J-HI(Z ||EfT||%p(wQ)>

as long as p < 2((%k:TT(gI{v‘;V)))):T7&gIV‘;V))f11) (for similar ‘slicing’ arguments see for example

Lemma 9.3 in [Gul] or Section 2 in [Ha2]).
The argument is complete if m(Hy ) + r(Hyw ) = m, so suppose

m(Hw) + r(Hw) <m
(this is the only remaining case by Lemma 3.3). Note that in this case

2(k—m+1) 2((/€—T(Hw)) —m(Hw)+1)
k—m-—1 (k‘—?“(Hw))—m(Hw)—l

By interpolating between (11) and the trivial Cauchy-Schwarz estimate

N|=

k=1
VES i) S K5 (Z uEfTH%m(wQ))

TEV

we obtain

1
k=1 _ (k+1) 2 2(l<:—m+1)
1B ) o KF 7 *”(ZHEfTH%p(wQ)), Pt

A bit of algebra then shows that
k=1 (k+1) 11 C2(k—m+1)

2 PSSl L ey |

This completes the proof.

d-1
4. UPPER BOUNDS FOR [(a, H%)

By Proposition 2.1, counterexamples to localized weighted restriction estimates
imply upper bounds on B(c, H%1). It is convenient to work with a discretized
version of the weighted restriction estimates. Let X be a union of unit lattice cubes
in B4(0, R). We abuse notation and write Q € X if @ is a lattice unit cube with
Q C X. We say X is a-dimensional if

’yg(X) —  sup #{QEX:QCBd(z,T)}6

o
Bi(zr) "
zeR™, r>1

¢, C]
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with ¢, C' independent of R. We let 54(cv) be the infimum over all s > 0 such that
IEfllz2x) Ss B fllzz,  supp(f) € B7H(0,2)
for all a-dimensional X contained in B4(0, R).

Lemma 4.1. One has
sa(a) =54(a).
A proof of this lemma can be found in the Appendix.

4.1. A counterexample based on signs of principal curvatures. Recall that
par is the number of positive entries in M and njs is the number of negative entries
in M. Also recall

m = min(par, nar)-
We prove the following

Proposition 4.2. Suppose o € [d —m — 1,d — m|. Then
(@) _a-m_
P = 90— 2m)

and therefore
a—m
HE ) < o — :
flaHy ) < o d—2m
Our proof uses a tensor product argument that takes advantage of some recent
lower bounds in the elliptic case due to Du [Du]. We note however that if « > d—m
the argument is simpler and one can take h below to be a Knapp example.

Proof. After a change of variables we may assume that

Ef(z,t) = /R . F(&)e2mi@ttto)) ge

where
(&) =& £ L om1bom + g+ +EG.
We let
A= ([07 Ril] X [07 1])m
and set

g(§17£27 o 7§2m) = HA(€17§27 o 7§2m)~

We choose our input function so that
f(&) =981, Sam)h(Eamtts - - 1)
If we let & = (z1,...,22m) and 2’ = (x2m+1,...,24—1) then we have
Ef(x,t) = Eg(&,t)e'Sei-2m=1 (),
where
Bg(3,t) = / ()T ETH T 110)) g
R2m
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Let Sk = ([0, cR] x [0,¢])™ for some small but uniform ¢ > 0. For our choice of
g one easily checks that if ¢ is small enough (independent of R) then

(12) |Eg(z,t) > R™™,  |t| <cR, T € Sg.

We choose our measure to be up = v, X v, where v, is a A-dimensional measure
on R?™ and v, is a o-dimensional measure on Rd_zm, with @ = A+ 0. Then up
is a-dimensional. In fact it suffices to set A = m and let v, be a dilate of m-
dimensional Lebesgue measure. In particular let S C R?™ be the subspace spanned
by x1,x3,...,22m-1. We define v such that v,(Q) = 1 for each lattice unit cube
Q in R?>™ with Q N S # 0, and v4(Q) = 0 for all other lattice unit cubes. Note that
we then have v,(Sg) ~ R™.
By (12) we have

L e PR o P08
1Al ™ [Pllze ™ (Al

We now appeal to the following lower bounds for the parabolic case due to Du:

Theorem 3 ([Du]). There exists a function h supported in B"~%(0,2) and a o-
dimensional measure v on R™ supported in B"(0, R) such that

€25 Al L2 S plziniem)
Ihllz ™ ’
where
n—o
2n
This theorem follows from Theorem 1.2(a) in [Du] along with Proposition 2.1.
Now recall that o € [d —m — 1,d — m], and therefore o € [d —2m — 1,d — 2m)].
We let h and v, be the function and measure determined by the above theorem with
n = d — 2m, thus obtaining

k(o,n) = o€ n—1,n|.

1B 2 o piz2etza=2m)

> — R3n — Rd—2m)
£l 22

O

As a corollary we see that if & > d — m then sq(a) = 1 and therefore for such
a we have B(a,H%1) = a — 1. This follows from the monotonicity in a of the
quantity s4(c), along with the easy observation that sq(d) = 3 (which follows from
Plancherel’s Theorem). The monotonicity of s4(a) can be seen directly from Lemma

4.1, since monotonicity of 54(c) is obvious.

Remark 4.1. By considering the other cases covered by Theorem 1.1 in [Du] one
can obtain further lower bounds for s4(a) in the range o < d — m — 1, and hence
further upper bounds for B(a, H% ') in this range. The argument is the same as we
saw above, with the only change being the admissible value of k(o,n) determined
by Theorem 1.1 in [Du].
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5. LOWER BOUNDS FOR f(a, HEY): THE DU-ZHANG METHOD

We can obtain lower bounds for 3(«, H% 1) by adapting the broad-narrow analysis
of Du and Zhang [DZ]. The set-up and structure of the argument are essentially the
same as in [DZ], although there are a few important differences. We cannot use the
stronger decoupling result for paraboloids, so we instead must adapt the argument
to the weaker decoupling results that exist for surfaces with principal curvatures of
mixed signs as summarized in Section 2. On the other hand, in the ‘broad’ case
where one uses multilinear restriction estimates the curvature is less relevant and
by following the argument in [DZ] we actually get estimates for the broad term
which are better than optimal; hence we can refine the argument by weakening the
broadness assumption and consequently leaving more room to gain from narrow
decoupling.

We will prove the following analogue of Proposition 3.1 in [DZ]. Recall that

_ 2(k—m+1)
Pmk = Tp=m—1 -
Proposition 5.1. Fiz any € > 0 and pick § > 0 with § < € (say 6 = €*). Let K =

RO and let Q = {Q; j]\/il be a collection of K2-cubes in B0, R). LetY = Uj‘il Qj

and
#{Q €Y :QcC Bizr)}
v = sup .
Bi(zr) e
r>K?

Fiz k > m + 1 and suppose that HEfHme,k(Qj) is dyadically constant as Q; € Q
vary.

If

s(a) > max (

then there is C,. such that

(d—m)—a+a—(d—m)+2 o

(% 1 ) 1

(i1 y 1__1
(13) ||Ef||LPm,k(y) < CeRs(a)-l-eM P,k ,}/2 Pm,k ”f”LQ

whenever f is supported in the unit ball.

After pigeonholing and using the uncertainty principle Proposition 5.1 implies that
if X is any a-dimensional collection of unit cubes in B%(0, R) then

(14) HlEfHLsz):561%“a)+5HfHLz.
Via Proposition 2.1 this will imply the remaining claimed lower bounds for
B(a, HE 1) in all cases except those in (3). This implication is discussed further

below, after the proof of the proposition. For a proof that Proposition 5.1 implies
(14) see the proof of Theorem 1.6 and Corollary 1.7 in [DZ].

Remark 5.1. Du and Zhang introduce an extra parameter A\ to account for the
number of unit cubes in X that intersect a given lattice R cube. This allows them
to take advantage of certain refined Strichartz estimates from [DGLZ], although as
remarked in [DZ] the parameter A is not needed for the proof of their main estimate
Corollary 1.7. Although one can prove certain weaker refined Strichartz estimates
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for He-! by following arguments from [DGLZ] these do not improve any of our
estimates for s;(a) below. For this reason we have chosen to prove the weaker
version of Proposition 5.1 without the parameter .

We fix € > 0 for the rest of the argument. Let § > 0 be another small parameter
with 0 < € and set
K =R
Let 7 be a collection of K ~!-cubes tiling the support of f and use a partition of
unity to decompose f =) _ fr with f; supported in (a small dilate of) 7. Also let
S be a collection of K2-cubes tiling B%(0, R). Given a K?-cube Q in S we define its
significant set

1
S = | Efr >—||F .
/@ = {7 1B 2 155057 1B I |
Note that 1
Z IEfrll ) < ﬁHEfHLP(Q)a
T¢Sp(Q)

so we may absorb terms involving 7 which are not significant to the left-hand side
of our estimates of [|[Ef||1»(g) below.

We say that a K2-cube Q is k-narrow and write Q € N(k) if there is a k-
dimensional subspace V such that

1
100dK
for all 7 € S,(Q), where G(7) is the unit normal to the surface H% 1 above the
center of 7. If a cube @ is not k-narrow then we say it is (k + 1)-broad and write
Qe Bk+1).

We proceed by induction on R, the case R ~ 1 being easy. Since we are assuming
that ||Ef|[1r() is dyadically constant as Q@ € Q varies it suffices to consider sepa-
rately the cases where all cubes are k-narrow and where all cubes are (k + 1)-broad.

Angle(G(1),V) <

5.1. The narrow case. We begin by assuming all of the cubes are k-narrow. The
following lemma is the main estimate in this case. To simplify notation we will set
P = Pmk for the rest of the section.
Lemma 5.2. Suppose that all of the cubes in'Y are k-narrow and that Proposition
5.1 is true at scale R/K?. Let
1 1 d+1 d-1
= H(=-- ) .
dap) = (atm+n) (3-2)+ T aia)

Then for p = py, . one has
a_, . i1
IEfllzr(vy < Cellog R) K~ KUP R M) 270 | f]] 12

Lemma 5.2 implies the narrow case of Proposition 5.1 as long as

(15) S(a):(dg;)a+a(d4m)+2’
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which is the best choice of s(a) for which the induction closes.

If we set p = py, 41, corresponding to the usual narrow case Q € N(d —1) , we
get

o
s(a) = 72(d—m)'

This is in general an improvement from what we can obtain from more elementary
arguments. However, if we assume @ € N(k) for k < d — 1 then we can use
Proposition 3.2 to decouple with larger p = py, , and thus from (15) we will have
better estimates in some cases. We defer this analysis until after we sketch the proof
of Lemma 5.2 and consider the broad case of Proposition 5.1.

5.1.1. Proof sketch of Lemma 5.2. The argument is essentially the same as the proof
of the narrow case in [DZ], with the exception that we use the k-narrow decoupling
in Proposition 3.2 in place of (d — 1)-narrow decoupling for the paraboloid.

We break B41(0, R) into R/K cubes D and decompose

Ef=Y_ Efo.,

(7.D)

where E\f O is supported in a small dilate of 7 and F'fo_,, decays rapidly outside
a (small dilate of) an R/K X --- x R/K X R rectangle with long direction G(7).
Since we are in the narrow case it follows that the 7 are supported in an O(K 1)
neighborhood of a (k — 1)-plane Vj, and hence we can decouple using Proposition
3.2 and then hope to use the induction hypothesis and parabolic rescaling. As in
[DZ] we first need to pigeonhole to fix certain parameters before carrying out this
argument.

Let Ry = R/K 2and Ky = R‘ls. By induction we can assume Proposition 5.1 holds
at scale R;. To take advantage of this we cover each O = O, p by KK? X -+ X
KK?x K2K? tubes S with long direction parallel to G(7). We may throw away the
S which do not intersect cubes from Y. After a parabolic rescaling note that the S
become K?-cubes. Now fix one box 0. After dyadic pigeonholing we may assume
that || Efol rr(g) is dyadically constant as S varies. We may also assume that each
S contains ~ 7 narrow K? cubes from Y and that the number of S in O is ~ M.

After further pigeonholing we may assume that the fixed parameters from the
last paragraph are the same as O varies. We can also assume that || fol/z2 ~ 5 as O
varies. Let Sp denote the remaining collection of tubes S. After pigeonholing one
more time we can assume that for each O

#{S€Sn:SCT}

max o ~ 1,
T, COr>K7 r

where T, are Kr x --- x Kr x K?r tubes in O = O, p running parallel to G(7).
Finally let Y5 denote the narrow cubes contained in O. Sort the Q € N (k) into
groups according to the value of the multiplicity

#{0:Q C Yo} ~ p.
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We let B denote the collection of remaining O’s. It is straightforward to check as
in [DZ] that all this pigeonholing contributes an acceptable loss of (log R)¢ to our
estimates.

With all these parameters fixed we apply Proposition 3.2 and then Holder’s in-
equality to obtain

eoom(1-L)qet 1_1 1
(16)  |Efllm) < Cellog R K™ (3 70) ¥ =5 QZY 1ol ) -
O0:QCYno

Moreover, since || Ef||1r(q) is dyadically constant as @ varies and the number of @

is < R? we can assume that (16) holds with the same pigeonholed parameters for
each @. Then applying (16) for each such @ and summing, we arrive at the estimate

m(Li_1)ied 1_1 1
A7) 1Bl < Cllog RIEK™ G0 a3 (ST B Sl )
O

We are at the same point as (3.19) in [DZ], with the only differences being the

additional loss of K m(%—% coming from the weaker decoupling for H% ! along
with the admissible range of p.

We have the following relationships between our parameters. Each of these es-
timates is proved in exactly the same way as in the parabolic case (see (3.24) and
(3.25) in [DZ]).

log R)¢M Kotl
#B M Y1

For each O we will estimate the corresponding term in (17) by parabolic rescaling
and the induction hypothesis. Since the Fourier transform of F fg is supported in

7, we may find a function gn such that ||go||z2 = || fol|z2 and
d+1_d—1
(19) IEfallLrwyy) =K 7 2 [[EgollLrws)

where Y is the image of Y under the parabolic rescaling. Note that by construction
Y is a union of K?-cubes which are the images of the pigeonholed S under the
rescaling, and these cubes are contained in a ball of radius R;. Moreover, the
hypothesis of Proposition 5.1 is satisfied for Y at scale Ry, with #}7 = M; and 1,
playing the role of 'y(f/) Applying (19) and then the induction hypothesis for each
O to (17) we obtain

11 d+1_d-1

1 1
HEfHLP(Y) < 05(10g R)cKm(5*5)+64M§*;Rs(a)+€K728(a)76K > 3 (’YlMl_l)%

(S sl

O

1
P

Then as a consequence of (18) we obtain
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VEfliryy < Cellog Ry K™ (373) 7 poterte st g 5 =15 (o 1) 33
1
(ZHquiz)”

< O, (log R)cK™ (375) ¢ patayre 5 =15 -20() ¢ a1y n-1) 3§ ()3

(20)

1

lefulle )7

Finally, since we are assuming || fo||r2 ~ (3 for each O € B it follows that
11 1
#B)2 7 (DI foll)? S Il
[m]

This completes the sketch of the proof of Lemma 5.2.

5.2. The broad case. We now suppose that all ) are (k+1)-broad. Let cg denote
the center of each (). By using the uncertainty principle as in the proof of the broad
case in [DZ] we arrive at an estimate of the form

k+1

IBFI2, o < KOO / 2H\Ef|k+1 Q € B(k).
(cQ

Here the f; are suitable modulations of f’s with (k + 1)-transverse frequency sup-
ports. In particular || fjl|z2 < || fllz2-
We may pigeonhole to assume that

k+1

_1
I H |Efil P | Lo (B(eg.2)) ~ A
j=1
for each Q). We also fix ¢ < p. Then using the above estimates and Bernstein’s
inequality we obtain
k-+1 )
IEfl ey < KOOI T] [EfIF e Uy, Bleq.2))
j=1
1 1 1
< KOOM» s AM
k+1
< KOO M s || H !Ef]|k+1 ILa(Uq, B(eq,2))-
7=1

We now use (k + 1)-linear multilinear restriction in R?. Recall the following:
Theorem 1 ([BCT]). Suppose f; € L*(B*1(0,2)) with f; supported in U; for
i1=1,2,...,a and a < d. Also suppose that U; are a-transverse, in the sense that

inf |G(o1) AG(v2) A= AG(va)| 2 1.
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Then for q > % and any € > 0

a a
1 . 1
ITTIEA I Lasao.ry < CR LTSl 72
i=1 i=1
Applying this theorem with a = k£ 4+ 1 then yields

2 (i1 1_1
VEfllioir < CoRE KOO M E5) A= £ .

We may assume v > K~¢. Then

1

1 1 1 1 1 1 1 1 «
M2 4 < (yR*)2 4 =% a(RY)ID < KO(l),ya—ng(kH).
If 0 is chosen small enough (depending on €) we therefore obtain

(21) IEfll oy < CeRZ ™5 M~ 275 RZ05D | ]| 2.

This completes the proof of Proposition 5.1.

5.3. Optimizing between the broad and narrow case. As above we assume
a < d —m. Note that we get a better estimate for s4(«) in the narrow case when
P = Pmp is as large as possible, and hence k is as small as possible (see (15)).
However, in the broad case we get a better estimate for s;(«) when k + 1 is as
large as possible, and hence k is as large as possible (see (21)). The goal now is to
optimize between these two cases. From Proposition 5.1 we have

s < (G S )
where

pmvk:ma k=m+1,m+2,...,d—1,
Note that

(d—m)—a+a—(d—m)+2_ E+1—-d+«
so that (22) becomes

) Sd(a)gmax<k+1—d+a a >

20k —m+1)" 2(k+1)

Assume first that m > 1. Write k +1 = d — j and let j € [1,m — 1] be the unique
positive integer such that

we [Z0=0) JE-GHD))

m—1 ’ m—1

This is possible since the intervals on the right hand side form a left-to-right partition
of [0,d—m) as j varies from 1 to m — 1. This choice of j was found by some tedious
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algebra which we omit since it is not necessary to the proof. The bound in (23)
becomes

sa(a) < max <Q(da;j m)’ 2(doi j)>

(e [6L0) i
B 2(d3;1‘m)7 ac j(dn;j)j j(d;z(flrl)) :
and therefore
. w%?l)’ ac (j—sgg—j)7j(6f;j)
(24) Blan Hina) 24 ol g e [0 dE-Gi)

This finishes the proof if m > 1. The simpler case m = 1 can be handled by making
the choice k =d — 2.

5.4. k-broad estimates and failure of transverse equidistribution. In the
argument above we have used the k-linear restriction estimates proved in [BCT].
These estimates have nothing to do with the curvature of HZ ! since they only
depend on the transversality of the support of the input functions. Any improve-
ment over the k-linear Bennett-Carbery-Tao estimate that takes into account the
curvature of HZ~1 will lead to improved lower bounds for 3(a, HZ-1).

One possible route towards such an improvement would be proving analogues of
Guth-type k-broad estimates as in [Gul]. These estimates for the paraboloid are
weaker than the conjectured k-linear restriction estimates, but still strong enough to
yield improved estimates for the extension operator after applying a broad-narrow
argument.

We recall the basic set-up from [Gul] for k-broad norms. On each ball Bi2 C Bpr
Guth defines

— : p
pes(Bgz) = min, (%avf/fsﬂ [EfP),
where the minimum is over (k — 1)-dimensional subspaces of R? and the maximum
is over T such that Angle(G(7),Va) > tgoqr for all a (abbreviated by ‘T ¢ V,).
Then the k-broad norm (which is not actually a norm) is defined to be

1Ef e | = > pf(Bg2).
’ BK2 CBpgr
For the paraboloid Guth proves that
(25) IEf By , Sea BESflz2

for p in exactly the same range as the conjectured sharp k-linear restriction bounds,
and uses this to deduce new LP bounds for Ef. A key tool used in Guth’s argu-
ment is a transverse equidistribution estimate, which is a certain manifestation of
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the uncertainty principle when Ef is concentrated on a neighborhood of a lower-
dimensional variety. In particular, if Z is an [-dimensional variety in R? then Guth’s
transverse equidistribution estimate says that for p < R we have

d—l1
(26) / \Ef|2§eR€<p) / [EfI? + RapDec(R) | f 2.
N 14s(Z)NBr R 2BR

The curvature of the paraboloid plays an essential role in the proof of (26), and
indeed (26) can fail for hyperboloids for certain Z. We explain why below using a
slight elaboration on an example found in [GHI] (see example 8.8). This creates an
obstacle towards proving k-broad estimates for H?~1 since the estimates (26) play
an important role in closing the induction in the proof of (25) for the paraboloid.

5.4.1. The example. We consider the special case d = 4,m = 1. After changing
coordinates we may assume without loss of generality that

Ef(at)= | flw)emieettetd) g,
R3

As in [Gul] we will work with a scale R? wave packet decomposition
Ef =Y Efs.,
0,v
(see Section 2).

Below we will identify R3 with all tuples of the form (wi,ws,ws,0). If v =
(v1,v2,v3,v4) € R* we also let © denote the projection of v onto R3. Now let V
be a three-dimensional subspace of R* determined by the unit normal vector

n = (nl, no, N3, 0)

We pick g € L?(B(0,2)) such that Eg is essentially concentrated along V in the
following sense. Let V' denote the collection of wave packets Ty, such that

1 (V)

Angle(Ty,, V) < R™> and Ty, CN -
&
whenever Ty, € V. Then

Z Egg,, = RapDec(R)| g| 2
O.v)¢V
Recall that for our operator if w is the center of ¢ then Tj, points in the direction

Go(w) = (—WQ, —Wwi, —20}3, 1).

Also note that g must be essentially supported in an O(R_%) neighborhood of the
affine space
QV) ={weR*: Go(w) € V}.
If
no = (ng, ni,2ns, 0)
then one easily calculates that

QV)={weR:w-ag =0}
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In particular (V) is a vector space, and we can assume without loss of generality
that |w - ng| S R™2 in the support of g.
We now assume that V' has been chosen so that

ning + n% =0.

It follows that ng € V and n € Q(V'), which we will see is the main obstacle towards
proving (26). Fix a ball B = B%(0, R%) and a parameter p € [R%, R]. We wish to

prove a lower bound on
/ |[Bgl*.
BNN 1 (V)

cp?2
Let
u=mn X ng,

so that v € (V) and {n,u,nq} is an orthonormal basis for R3. We choose coordi-
nates £ such that

w =&+ Su+ E3nq.

In particular if A is the orthonormal matrix
A=[n u ngl

then w = A€, Let g4 (€) = g(A€) and choose g such that g4 (61,62, &) = 9a(61.&2)
for [§3] < R72 and ga(&1,82,83) = 0 for [§3] > R™2.
Define a linear operator S on R? by

S(U17U27v37 O) = (U27U17 2U37 0)

Then for any v € R3 one has
2 ].
Vv + U3 = 51} - Sv.
One can now check that

/ Eg(a, t) = / Boa(y, 07, y=ATa,
BON (V) BON 1 (ATV)
cp cp

where F f be the operator

Ef(z,t) = RS (€)@ SHE W Sw & Snatinal) b)) g

and b = O(R_%) on the support of g and is independent of &;.
Note that € is normal to ATV. We now let ¢(¢£1) be a bump function with
bounded support and choose g such that ga(&1,&2,&3) = qﬁ(p%_éfl)qb(:fg) when |£3] <
1
R™2. Since

1

&(n - Sng + |ngl*) = O(R™2)
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a standard stationary phase argument shows that Eg A rapidly decays if |y;| > p%.
Since &) is normal to ATV it follows that

/ |Ega(y,t)? =/
BNN ;1 (ATV) BNN

1
cp2 cR2

— / |Eg(a, 1) + RapDec(R) | g]| 2.
BNN %(V)

|Egaly,t)|* + RapDec(R)| gl 2
(ATV)

cR

and therefore

/ Egl? = / |Bg[> + RapDec(R)|g]| 12
BAN (V) BNN 1 (V)

cp2 cR2
despite the fact that Eg is essentially tangent to V. It follows that there can be no
transverse equidistribution estimate on any neighborhood of V.

In the next section we give a different lower bound using a refined bilinear argu-
ment that takes the weight p into account. In the example case d = 4 and m =1
this argument avoids trilinear and 3-broad estimates for H, and the bound obtained
is sharp when « € (2,3) = (d/2,d — m).

6. A BILINEAR ARGUMENT IN THE CASE m < %

We now give different lower bounds for 5(a, H% 1) using a bilinear method sim-
ilar to the approach to weighted restriction estimates for the paraboloid in [Er2].
New ideas are needed, however, to deal with the more complicated transversality
assumption one needs to assume to have good bilinear estimates for HZ, . We need
the following two preliminary theorems, the first of which is due to Lee in dimension
d > 3 and Vargas independently in dimension 3 (see [Le| and [Val]).

Theorem 4. Fiz R > 1 and 6 > 0. Let {0} be a finitely overlapping cover of
[—1,1]? by cubes O of side length R~°. Suppose that F and G are such that F and
G each have Fourier transform supported in Ny (RHZY), and suppose the supports
ofﬁ and G are such that if

~ 1 ~
= v projga—1supp F, 1o := I projga—1 supp G,
then
inf (€ —n), ME-m)| 2 1.
§E€Em
7],7’]67—2

Then for each O, F and G can be decomposed as
F:F[]+FDC, G:GD+GEC,

with Fn, Foe, Ga, Gae all supported in No(RHE ) for some absolute constant C,
such that for e < ¢,

2 € 2 €
S OIFal; Se RFIE, D IGal; Se BG3,
a (]
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and

e oG Foror| ) Ses RS IFILIGI

where the constant ¢ is independent of § and e.

12(0)’ ‘ 2oy’ ‘

This is proved in Section 2 of the paper [Le| by Lee.

Theorem 5. Fiz R > 1. Suppose that F' and G are supported in N1(RHE ™), and
suppose the supports of F' and G are are such that if

1 .
— Projpd—1 supp G,

1 R
T| '= — Projga—1 supp F', m := 7

R

then
inf (€ —n), M(E—7))| 2 1.
§EEM
7777767—2

Then for any measure p supported on the unit ball and any q € [2,4],

~~1q/2 2/a < 2a 2/q
’FG‘ du)  Sa R*ca(p)™9||F2]|Gll2,

for any

- d—1 «o 3d (a+1)

a>maxq —— — —, — — .
T2 8 4

Proof. The argument is similar to the proof of the weighted bilinear estimates for

the paraboloid and cone in [Er2] and [CHL1|. By induction it may be assumed that

the result holds at scales smaller than R/2. Fix a small 6 > 0 and break the unit

ball into cubes O of side length R~°. Since ¢ € [2,4],

[ <
HF La/2(p Z H L4/2(p,0/2)
< S ||mas ‘ﬁ o,
NZD:‘ R PZ7 TP | | P RYETPR-YE)
27 ‘ﬁ\ G ‘
(27) i PRl el PV

Let p = R%. For each O, let iy = p#(pxo), which is supported in a ball of radius

~ 1. The first term is
2/q
Lo/ (/‘F z/p)G x/p)( dup(w))

|
(28) - ([ B ww)".

where F), is defined by F\p(x) = I/TE(a:/ p). Then F, and G, are supported in
N,-1(Rp™H). Let ¢ be a Schwartz function such that [¢| ~ 1 in a ball of ra-

dius ~ 1 containing the support of p,, and such that gg is compactly supported in a

FoGa




28 BARRON, ERDOCGAN, AND HARRIS

ball around the origin. Then applying the induction hypothesis at scale R/p yields

(/‘M ¢*G<>q/2dup<x>)2/q

= s(f) w5 ][5,

By Fubini,
|6« 5[, s 1M,

The measure of a ball of radius 1 intersected with the p~'-neighbourhood of the

hyperboloid is < p~!, so

(E29H I A
oo
By interpolation,

~ _ d-1
|6+ Fo|, < 72 1Es N, = 075" 1Pl
Using this and the inequality cq(p,) S p~“calp) gives

2a
(29) S R¥co(p)®1p 27174 || Py | Gl
< R*co(1)*/ || Foll, |1 Goll,

by the assumption on a.

For the first off-diagonal term, let ¢ be a smooth bump function equal to 1 on
B(0,10CR) and vanishing outside a ball with the same centre and twice the radius
(here C' is the same constant from Theorem 4). By Holder’s inequality,

o~ —

/2
< |maa|

~—1q/2

DGD

—~—— —|q/2
FDGDC*QbR‘

o

*qu.

Hence,

o,
La/2(1,0/2)

o~ —

:</mm

oGo,

2/q
2
a/ du)
2/q
* ‘ du)

_— o q/2 2/q _
G| (5] w) was) "+ BV IFIL G,

o~ —q/2

s\ [ |me
o/2

oGo,
5N<
(]
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for arbitrarily large N. By Holder’s inequality, the first term satisfies

< /D * u) (y) dy> "

(30) < ‘ 2/q

Fot)Ga. )| (|

FoGo

* p

_4
4—q

s 77

The function ‘ag‘ * 1 is essentially supported in a ball of radius ~ 1, has L* norm

bounded by R4“**+00@) ¢, (1), and has L' norm < cq(pt). Therefore

[l

], = REero,
4—q

Combining this with the bound from Theorem 4 for the first term gives

d=2 4 5 Hi(d—a a
(30) S RTTTORIOTOO) ey ()24 || Fol, [|Gally < R*ca(i)” || Folly [Goll,

where the last inequality comes from the assumption on a. The bound on the other
three diagonal terms is similar, so putting this into (27), applying Cauchy-Schwarz
and then Theorem 4 finishes the proof. O

6.1. A bilinear version of the Du-Zhang method. The following is the main
result of the section, which implies the lower bounds for B(a,H%1) claimed in
(3). The argument combines the Du-Zhang approach from [DZ] with some recent
observations about Lee’s and Vargas’ bilinear estimates for the hyperboloid from
[Ba]. It can also be adjusted to work when d is odd and m = %, but in that case
the inequality obtained is worse than the trivial bound.

Theorem 6. Assume that 1 < m < %. Fiz o € (%,%%—1) and 0 < § < €

and set K = RO. LetY = Ujj\il Qj be an a-dimensional collection of K*-cubes in
B0, R), with a-dimensional constant v. Also suppose that IEfllL(q, is dyadi-
cally constant over Q; CY. Then

a+1

_ atl_d .
IEfll vy Se v/2M 2 R5T =87 £l

Proof. Suppose first that more than half of the cubes in Y are (m + 2)-broad. Since
|EfllLe(q) is dyadically constant as () varies we have

1/2
(31) IEf | ooy < M2 Y NEf | )
QCY
Then for each (m + 2)-broad cube @, there exist significant caps 71,. .., 742 at

scale K1, depending on @, such that
IE £ poo(q) < KOW 1Efr | Lo () »
for every ¢ € {1,...,m + 2}, and such that
(32) In(&1) A An(Emi2)| > K1, forall & € 7,
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where n () is the normal to the hyperboloid at (&, ({, M¢)) and M is the diagonal
matrix associated to HZ, 1. For each i let 7 be a K~ 0-cap inside 7; such that

1Efr ]l oo () < KW ||Ef,:

L)

Suppose for a contradiction that for all 7 # j, there exist £ € 7 and n € 77 with
(M (€ = m),€ —m)] < 100K,

Since the 7 are K19 caps, it follows that for all i # j,
(M(& — &),& — &) = O(K ™).

for all § € 7. Fix any such tuple and let E, =& —Enqoforalll <i<m+41. Then
the previous estimates yield

(ME-§),&-&)=0(K™), 1<ij<m+1,

and

(33) <M§,§> —O(K™), 1<i<m+1.
Since M is self-adjoint, subtraction gives

(34) <M§i,€j> =O(K™19), 1<ij<m+1.
By (32),

‘(517 1) ARRRNA (fm+2> 1)‘ Z K_1>
which by the property v A v = 0 implies that

(35) A A& 2 [ NG| 2 KT
Expand out gmﬂ in the near-orthogonal basis

Em+1 = v1 + v2 + v,
with N N
v1€span{£¢:1§i§m}, v2€span{M£i:1§i§m},

and N
V3 Espan{gi,Mgi 01 gigm} .
More specifically, vs is the orthogonal projection of Emﬂ onto
span{gi,Mgi 1< < m}l,
and (v + v2) is the orthogonal projection of EmH onto
span{gi,Mgi 1< < m}

Hence there exist constants A; and p; such that

v = Z&év vg = ZM‘ME@‘-
i1 )
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By (35), the coefficients \; and p; satisfy
1/2

m 1/2 m
(36) (Z\/\i!2> S Kluil, (Z\m2> S K vl
i=1 1=1
and so by Cauchy-Schwarz and (34),
(w1, v2)| $ K7 [oa] oo
which gives (for K larger than a fixed constant)
12 [or +vaf” 2 Jon]* + [vaf

>

Hence by (36) the coefficients A; and p; all have size < K. By (35), 5 Mé pe

K~1. Hence by (34),

)

vo|? = <U2>£m+1 - U1> SK8

Similarly, the vs term satisfies
(BT s, Mus)| = [(&ner — 01, MG — 1) )| + O(K ) = O(K ),

The range of (I — M) is m-dimensional and contains the m vectors & — M&; for
1 <% < m. These m vectors are linearly independent since otherwise the identity

w ::Ej —Zaié = Mg] — Zangi,
i#] i#]
for some 1 < j < m and constants a; would give, by (34) and (35), the contradiction
K™ sup(1, [a]) S Jw] < sup(L, ;) K,
J J

Hence v3 € ran(I — M)+ = ker(I — M) since M is self-adjoint, and (37) gives
lvs| < K2, Hence

Em+1 = v1+ O(K 7).
Returning to the old coordinates gives

Emi1 =Y Ni&i+ (1 -> Ai) Emiz + O(K ).
i=1

i=1
Using this and the property v A v = 0 of the wedge product yields
(&) A== An(Emia)] = O(K ),
which contradicts (32) (provided K is large enough). This contradiction proves that
there exists a pair (4, j) with ¢ # j such that
(M (€ = n). € —n)| = 100K,

for every £ € 7" and 1) € 7} with ¢ # j. Assume without loss of generality that i = 1
and j = 2. Then since the 7, 75 are K10 caps,
(38) inf |[(M(¢£—n),E—7)| > K.

ggery
W,WETY
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For each Q C Y there are < K9 corresponding pairs of caps (11, 75) defined above
satisfying (38), so by pigeonholing (31) and Bernstein’s inequality, there exists a
fixed pair (7f,75) such that

1/2

IS lcry < MO0 | 52 [T TEs

L2(10Q)

(39) < MV2ROW H\EfrfEfT;\l/ |

L2(10Y)

Define fr so that Efr(x) = Ef(Rz). We can now apply Theorem 5 after a minor
localisation argument (see for example Section 2.2 in [Bal). This yields

||Bfe B L] = RY | |Efr nEfrs,n]"?]

L2(10Y) L2(19°, Rd-e dm)
+ 1/2 1/2
Sa Rzt HEprRH B(0,100)) HEfT2,RH B(0,100))
d 1/2 1/2
SRiEt £ 1 H B(0,100R)) HEfTé“Hm(B(o,mOR))
i_,
SETE(f2
where the assumption a > d7 was used to take the second term of the max in
Theorem 5. Putting this into (39) gives

IEfll ey S MYV2RS 8| £,

which proves the inequality in the broad case. The narrow case is no dlfferent than

what we saw in Section 5. In particular from (6) and the assumption m < 951, the
exponent "‘—H — g is at least as large as the best possible that passes through (m+1)
narrow (L°°) decoupling (use k =m + 1 in (23)), so this finishes the proof. O

Corollary 6.1. Assume that 1 < m < d;Ql and fix a € (%, g + 1). Then for any
a-dimensional set X of unit cubes in B4(0, R),

a+1

IEfz2(x) Se 7ﬁ+€”fH2a

o d 1 (a1
B(a, HY, )_2+4 5 a€< 5 ,2—|—1 )

and so

By Proposition 4.2 this is sharp if d > 4 is even, m = g—l and a € (d—m—1,d—m).
Consequently
a1 d 1 d
Bla, HO ) = - a€(d-m-1,d—m), devenandm=——1.
24 2 2
Remark 6.1. Since we are working in L*°, our argument does not require the more
sophisticated decoupling result in Proposition 3.2. In particular the decoupling esti-
mate we use in this case is a simple consequence of the Cauchy-Schwarz inequality.
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APPENDIX: EQUIVALENCE BETWEEN DECAY AND LOCALIZED RESTRICTION
ESTIMATES

In this appendix we explain how to prove Proposition 2.1 and Lemma 4.1. These
results are not new but we include arguments for the convenience of the reader.

d—1
Proof of Proposition 2.1. We only show that sg(a) < %, since the other

inequality is more well-known and easily follows from duality and Plancherel (see for
example [DGOWWYZ]). Our argument is essentially the same as in [BBCR, Ro, Hal],
but we include the details since we are working with localized s;(«) and the identity
is different than in [BBCR, Ro, Hal]. There is nothing special about the geometry
of H¢-1 and the argument will work for any smooth hypersurface.

The idea is to use ||[Ef||1(4,) bounds to control the measure of level sets

nr{|Ef] > A},

and use these estimates to bound ||Ef||z2(,,)- Note that for any Borel measure v
supported on Bd(O, R) we have, by duality, Plancherel, and Cauchy-Schwarz,

1
2
(10) [ Bt 1y [, P©Pao(6))
Hr
For each A > 0 we let ;1p » be the measure on Br defined by

() = PEEIES > ) p(BHE O {IES] > M)
’ nr({[Ef| > A}) p(RHIEf] > A})
We assume for now that pp is supported on the set where Ef > 0. Make the
normalization || f||z2 = 1 and apply (40) with v = g » to obtain

3
JiEfaess ([, 1m©rae)
Now let v be the probability measure

L Hlrogegea
u(RHIEf] > A})

Then
A (6) = / e 2R gy (1) = D(RE),
Rd

and therefore we obtain

(a1) [ < ([, trease)
R

for any 3 < B(a, He1).
We claim that

(42) ca(v) S R¥a(ur)u(RHIEF] > A})~h
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Indeed, let B, be a ball of radius r such that c,(v) ~ @. Then

-1
~ H(Br NR ri|Ef| > /\})M(RilﬂEﬂ > )\})71

_ BB 0B > M) ety s oyt
_ palrA(Brr)

=R

< Raca(:uRv/\)

< RQC&(NR)NR(HEH > )‘})_17

ca(V)

proving (42).
It follows from (41), (42), and the definition of ppg » that

A S R pr({[Ef| > AY) 2 ealpn)?,
and therefore
(43) pr({|Ef| > A}) S A 2R Peq(ur).

Recall that
C

/ Efldur =2 /0 T Nr({Ef] > ApdA =2 /0 Mir({IEf| > A})dA,

the latter identity following from the normalization | f| ;2 = 1. Then

B
R 2
/0 Mip({[Ef] > A})dA < Ro—?

and as a consequence of (43) we also obtain

C C
[y nllIES > WA £ calim) B [, 37 Man
R 2 R 2

<5 Calpr)ROPT0
for any 6 > 0.
We have therefore shown that

1
IEfl 22 (ur) So calpr)2 R

a—B+4d
2 1 f Il

for any 6 > 0 and for any 3 < (o, HE 1) when pg is supported in the set where
Ef > 0. In the general case we decompose

Ef=g1—92+i(93—94), 9;>0
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and let G denote the support of g;. Then we set ,ug% =pu R|G]. and repeat the above
argument to obtain

4
: 1 a—pB+48
IEflr2um So (D calwl))? B2 || £l 12
j=1

[

1 _a—fp+s
S ca(pr)2 R 2 || fl 22

It follows that

a—p3 0

< —

si(a) < ——+5
for any 6 > 0 and 8 < B(a,H%1). Letting 8 — B(a, HE 1) and § — 0 completes
the proof. ]

Proof of Lemma 4.1. We first show sg(a) > 55(a). Fix § > 0 and choose s < sq(a)
such that for all a-dimensional y supported in B4(0, 1)

1 S
”Ef”LQ(uR;Bd(O,R)) So Ca(ur)ZR +6||fHL2

whenever supp(f) € B41(0,2).

Let X be a union of lattice unit cubes in B4(0, R) such that v,(X) ~ 1. We
define a measure p on B%(0, 1) such that u(ENR™'Q) = |R§;Q‘ if @ € X and such
that p(L) = 0 for every other lattice R™!-cube L. Then p is a probability measure.

For any ball B, with r» > R~ we have
M(BT)< 1 #{QGX:QCBCRT}: R* #{QGX:QCBCRT}

re Y H#X re #X (Rr)e
Now i—; < 1 since ¥4(X) ~ 1 and therefore we can conclude that
/,nOé

when > R~!. On the other hand if » < R~! then Rr < 1 and we have
p(Br) S R™(Br)" < R™(Rr)” = Cr®.
It follows that
ca(p) $1
and so pu is a-dimensional. As a consequence

1
HEfHL?(MR;Bd(O,R)) o RS+5Ca(MR)2 1 f1 22

whenever supp(f) C B471(0,2). From the definition of g it follows that

#X I os
HEfHL2(X) Ss (ﬁca(MR)) °R +5”fHL2'

Finally we choose r > 0 and a ball B, such that ¢, (ur) ~ tr(Br) g . > 1 we have

% (R_IBT) S #{Q : Qac Bcr} S ’yg(X)

re r

calpr) ~ #X 2



36 BARRON, ERDOGAN, AND HARRIS

On the other hand, if r < 1 then we can directly estimate
#X (R1B,) _ |B,|
Ra ro ~ ro
It follows that

calpir) ~ #X - & <$1544(X).

Sa(a) <s+6 < sq(a) + 0.

Letting 6 — 0 completes the proof.

To prove the reverse inequality one uses the fact that |E f| is essentially constant
on cubes of side-length 1 (since f is supported in a ball of radius 2) along with a
standard pigeonholing argument to discretize the measure (see for example [DZ]).

d
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